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THE RHEOLOGY LEAFLET 
No. 10 n a v r a g e l August. 1939 

P R O G R A M 

ELEVENTH ANNUAL MEETING 
NATIONAL BUEREAU OF STANDARDS 

OCTOBER 13-14, 1939 

SOCIETY HEADQUARTERS: 
W a r d m a n Park Hotel 
Connec t i cu t Ave. and Wood ley Road, N. YV., W a s h i n g t o n , D. C . 
Rates $3 .00 single; $5 .00 double . 
T h e hotel will a r range s ightseeing tours for the fami l ies of 

members . 

T h e Society is deeply in debt to the local c o m m i t t e e on Arrange-
men t s . C h a i r m a n J . W . B u r n e y is being assisted by W . H. Herschel , 
A. T. McPher son and Paul S. Roller. 

T e n yea r s ago the Society held a very successful m e e t i n g at the 
Bureau . D u r i n g these in te rven ing years the Bureau has been the cen-
ter of a large a m o u n t of work a long rheological lines. T h e c o m m i t t e e 
has m a d e it possible f o rour m e m b e r s to gain an in t imate view of these 
activit ies which should be both in te res t ing and of considerable prac-
t ical value. 

T h e P r o g r a m C o m m i t t e e consis t ing of R. H. Ewell, cha i rman , 
E. C. B ingham, J . H. Dillon, P. D. Foote, W . H. Herschel, A. Nadai, 
E. W . Ti l lotson and, R. N. Traxler , has coopera ted wi th the local com-
mit tee and has a r ranged a short but impor tan t series of pape r s for the 
Sa tu rday m o r n i n g session. 
October 13th 

9 : 0 0 - 9 : 4 5 A. M. Regis t ra t ion. East Bui lding. Nat ional Bureau 
Bureau of S tandards . 
T h e regis t ra t ion desk will endeavor to 
f u n c t i o n as an agency for m a k i n g contac t s be-
t w e e n visi tors and W a s h i n g t o n scientists. 

1 0 : 0 0 A . M . S y m p o s i u m on Rheology in Science and In-
dus t ry . Lecture Hall. East Bui lding. 
G r e e t i n g : W e l c o m e by Dr. L y m a n J . Briggs, 
Director of the Nat ional Bureau of S tandards . 
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1. In t roduc to ry Remarks . A. S. Hun te r . E. I. 
du Pont de N e m o u r s and Co. 

2. Rubber . J . H. Dillon. F i res tone Ti re and 
Rubber Co. 

3. Paint and Varnish. G . G. Sward . Ins t i tu te 
of Pa in t and Varnish Research. 

4. Glass . G. W . Morey. Geophys ica l Labora-
tory . 

5. Geophys ics . L. H. Adams, Director , G e o -
physical Labora tory . 

6. Soil Mechanics. C. A. Hogentogler . Bureau 
of Public Roads. 

7. Clay P roduc t s and Masonry Mortar . J . W . 
McBurney , Nat ional Bureau of S tandards . 

8. Plast ics and O r g a n i c Fibres. W . E. Emley . 
Natonal Bureau of S tandards . 

9. Denta l Materials. W i l m e r Souder . Nat ional 
Bureau of S tandards . 

10. Concre te . W . H. Herschel. Nat ional B u r e a u 
of S tandards . 

11. Medicine and Biology. Dr . F . S. Bracket t . 
Nat ional Ins t i tu te of Heal th . 

12. Metals. A. Nadai. W e s t i n g h o u s e Electric 
and M a n u f a c t u r i n g Co . 

1 : 0 0 P . M. L u n c h e o n at the Cafe te r ia . Industrial Building. 
75 cents. 

2 : 0 0 P . M . Inspect ion tr ips s ta r t ing f r o m in f ron t of the 
Industr ial Building. 

The re are a n u m b e r of inves t iga t ions of rheological interest in 
progress at the Bureau of S t anda rds and e lsewhere in W a s h i n g t o n 
which are not represented in the S y m p o s i u m . A r r a n g e m e n t s have 
been m a d e for cons idera t ion of these topics in connec t ion with the in-
spect ion trips. A m o n g such i tems are w o r k on the absolute viscosity 
of wa te r , an invest igat ion of high pressure lubricat ion, viscosity of oil 
and var ious ae rodynamic studies. Al though a general tour of the 
B u r e a u has been ar ranged, m e m b e r s of the Society and gues t s can 
spend the a f t e r n o o n in the section or l abora tory in which they are par-
t icular ly interested. 

T h e fo l lowing inspect ions tr ips have been p rov ided : 
1. Nat ional Bureau of S tandards . 
2. Geophys ica l Labora to ry of the Carneg ie Inst i tute . 
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3. Labora tor ies of the Bureau of Public Roads. 
4. Ins t i tu te of Paint and Varnish Research. 
5. Technica l Labora to ry of the Federal Bureau of Invest iga-

t ion. 
A r r a n g e m e n t s can be m a d e for small g r o u p s to visit any of a 

n u m b e r of o the r g o v e r n m e n t a l and pr iva te laborator ies in W a s h i n g t o n 
and yicinity. 

October 14th 
9 : 3 0 A. M. Lecture Hall. East Building. 
Repor t of the C o m m i t t e e on Def in i t ions and Nomenc la tu re . 

1 0 : 3 0 A. M. M. M o o n e y . U. S. Rubber Co., Passaic, N. J . "A 
Three -Dimens iona l Model to d e m o n s t r a t e the re-
la t ionship be tween Principal S t ra ins and Simple 
Shea r s . " 

1 0 : 4 0 A. M. R a y m o n d B. Block. W r i g h t Field, Day ton , O h i o . 
Note on the use of T h e Rolling-Ball Viscometer 
f o r Measur ing the Ef fec t of Pressure upon the 
Viscosity of Liquids ." 

1 1 : 0 0 A. M . R . B. D o w . T h e Pennsy lvan ia State College, 
S ta te College, P a . " C o m p u t a t i o n of some 
Physical Proper t ies of Lubr ica t ing Oi ls at High 
Pressu res . " 

1 1 : 3 0 A . M . E. C. B ingham. Lafaye t t e College, Easton, Pa. 
"Neglec ted Fields of Rheo logy . " Th i s paper will 
cover reaction velocities, the role of rheology in 
the bodies of an imals and p lan ts in sickness and 
heal th, the physical p roper ty of hardness f r o m a 
rheological point of view and t h e rheological im-
por t ance of " f i l m . " 

1 2 : 0 0 G . W . Scot t Blair and F. M. V. C o p p e n . Nat ional 
Ins t i tu te for Research in Dairying. Univers i ty of 
Reading, Reading, England . " P s y c h o - R h e o l o g y . " 

1 : 0 0 P . M. Luncheon . W a r d m a n Park Hotel, price $1 .00 . 

2 : 0 0 P. M. Business Meet ing . W a r d m a n Park Hotel. Members 
interested in the f u t u r e of the society should 
a r r ange their p lans so that they m a y a t tend this 
mee t ing . 
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At the T e n t h Annua l Meet ing held D e c e m b e r 28 and 29 th in 
Pi t t sburgh, t w o pape r s were presented which seem to deserve fu r the r 
considerat ion and are the re fore printed in this issue. In the absence of 
Professor G e m a n t his paper was read by H. R. Lillie. It represen ts an 
able a t t emp t at analysis of a very complex and controvers ia l subjec t 
and it is presented in the hope tha t it will s t imula te f u r t h e r research 
o n the electrical p roper t ies of plastics. 

T h e paper of M. Reiner and K. We i senbe rg was received a f t e r the 
mee t ing was over and is g iven at this t ime so tha t it m a y be discussed 
at the coming mee t ing . 

THE ELECTRICAL CONDUCTIVITY OF PLASTIC DIELECTRICS 
By A n d r e w G e m a n t 

D e p a r t m e n t of Electrical Engineer ing , Univers i ty of Wiscons in , 
Madison, Wiscons in • * • 

T h e au tho r ' s theory on solid f r ic t ion is here applied to ions in a 
plastic dielectric, and it is s h o w n h o w the exper imenta l ly observed 
behavior of the electrical conduc t iv i ty unde r va ry ing field s t reng th on 
the one hand , and under va ry ing f r e q u e n c y of the impressed vol tage 
on the o ther can be explained on the above basis. 

» • » 

In liquids, ionic mobil i ty is control led by the viscosity of the 
med ium, and the viscosity of the m e d i u m with respect to mo t ion of 
the ions is tha t obta ined f r o m large scale m e a s u r e m e n t s . The re is 
no doubt that this rule is valid f o r l iquids of very high viscosity as well . 
In deal ing wi th elasto-viscous liquids, however , the rule is l ikely 
to fail, its fa i lure becoming qui te evident , if plastic solids are be ing 

considered. T w o al tera t ions have to be in t roduced into the original 
rule valid f o r l iquids. First , there is no apriori jus t i f icat ion to suppose 
tha t the viscosity the ions have to ove rcome should have the s ame 
numer ica l value as tha t obta ined f r o m large scale m e a s u r e m e n t s . 
Second, it is cer ta in that the elastic proper t ies of the solid will have to 
be t aken into considerat ion, jus t as for any o ther de fo rma t ion of the 
plastic. The first al terat ion m e n t i o n e d is cer ta inly impor tan t , b u t un-
f o r t u n a t e l y scarcely a n y t h i n g def in i te is k n o w n on this poin t . Th i s 
paper will the re fore be concerned chief ly wi th the second al terat ion 
proposed . 

T h e au tho r has publ ished some w o r k on the ro ta t ion of dipolar 
molecules ( l ) in vi t reous solids, and has men t ioned in those pape r s 
that it is possible to ex tend those ideas to the mo t ion of ions as well . 
T h e f u n d a m e n t a l concept ion is tha t general ly used in connec t ion wi th 
de fo rma t ion of plastics, (2) namely , tha t each de fo rma t ion is a super-

1) A. G e m a n t : J o u r . Appl . Phys . , 9, 730, 1938. 
2) J . M. B u r g e r s : F i r s t R e p o r t on Viscos i ty a. P l a s t i c i t y , A m s t e r d a m , 1935. 

4. 



posi t ion of an elastic d isp lacement and a viscous f low. T h e displace 
m e n t m a y be d i f fe ren t fo r both of these c o m p o n e n t s and will depend 
u p o n special exper imen ta l condi t ions , but since the stress for both the 
elastic d isp lacement and the viscous f low is the same, they can be 
considered t o be mechanica l ly connec ted in series. T h e a s sumed elastic 
d i sp lacement is not ideal, bu t is coupled with a loss mechan i sm, k n o w n 
as solid f r ic t ion . Being an integral part of the elastic d isp lacement , 
as k n o w n f r o m expe r imen t s on mechanical v ibra t ions be low the yield 
point , the solid f r ic t ion mus t be considered as connected mechanica l ly 
parallel to the elastic e lement . 

T h e next s tep is to spec i fy these three f u n d a m e n t a l un i t s of re-
sistance, a s sumed to oppose the mot ion of ions, in accordance wi th 
exis t ing da ta . 

It has just been s tated tha t no exper imenta l me thod for deter-
mina t ion of the viscous c o m p o n e n t exists u p to now. T h e electrical 
conduc t iv i ty of the mater ia l in quest ion, de te rmined by m e a n s of d.c. 
and at low field s t rength , a l lows the rat io of the ionic concen t ra t ion 
t o the viscosity to be c o m p u t e d . In o ther words each va lue a s sumed 
for the viscosity will f ix the va lue of the concent ra t ion of ions as well. 
W e then have to choose a coupled pair of these values such that both 
should appear as m u c h in accord with exper imenta l evidence as pos-
sible. In this way we can es t imate in a two-fold m a n n e r the viscosity, 
t h u s restr ict ing the plausible range considerably. How this has t o 
be carried ou t will be s h o w n below. 

As to the elastic c o m p o n e n t , we assume an elastic m o d u l u s for 
the su r round ings of the ion, equal to that k n o w n f r o m large scale 
eexper iments , a l though again it is possible tha t the t rue value d i f f e r s 
s o m e w h a t f r o m the a s sumed one. T h e solid f r ic t ion c o m p o n e n t also 
can be es t imated f r o m numer ica l (3) data available on several v i t reous 
mater ia ls with ionic conduct iv i ty , (glass, ebonite , po lys tyrene , e tc . ) . 
The most s t r iking f ea tu r e of these data is that the f r ic t ional te rm, ex-
pressed as logar i thmic dec rement of vibrat ions , or as specific loss per 
cycle, is fa i r ly independen t of the f r e q u e n c y f r o m the lowest u p to 
a round 1 0 5 cycles per second. W e can the re fo re hardly speak of a 
dissipative te rm, like the viscous resistance, but ra ther of a resis tance 
the value of which var ies inversely with the impressed f r e q u e n c y . 

T h e final equa t ions depend on w h e t h e r the impressed vol tage 
is direct or a l ternat ing. T h e details of the above are be ing publ ished 
elsewhere. T h e purpose of the present paper is to give some n u m e r -
ical c o m p u t a t i o n s based on our equat ions , and to c o m p a r e the resul t 
wi th some exper imenta l data of the l i terature. Let us f i rs t consider 
the case of a d.c. vol tage . T h e appl icat ion of our combined resis tance 

3) A. L K i m b a l l : V i b r a t i o n P r e v e n t i o n in E n g i n e e r i n g , N e w York 1932, p. 133. 
A. G e m a n t a . W . J o c k s o n : Phi l . Mag. 23, 960, 1937. 
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s h o w s that fo r small field s t r eng ths the viscous c o m p o n e n t comes in to 
act ion. The elastic d i sp lacements of the ion are, however , even f o r 
the highest f ields applicable, small as c o m p a r e d with the viscous ones . 
In consequence of this the solid f r ic t ion e lement will have pract ical ly 
no impor tance in this connec t ion . T h e increase of the ionic mobil i ty, 
due to elastic shif ts , also appea r s to be negligibly small . However , a 
ra ther plausible a s sumpt ion seems to be that the a m o u n t s of kinet ic 
ene rgy collected by the ion du r ing its t rans i t ions f r o m elastic to viscous 
d i sp lacements will, to a cer ta in ex ten t at least, accumula te as vibra-
tory ene rgy . T h e ionizat ion n u m b e r a , n u m b e r of successful im-
pacts du r ing a pa th of 1 cm., can be s h o w n to b e : 

w h e r e e is the charge of a m o n o v a l e n t ion, E, applied electric field, U 
the ionizat ion energy , yi the shear m o d u l u s of elasticity, and X the 
molecular d iamete r wi th a numer ica l fac tor left open . Eq. 1 g ives 
m a x i m u m f igures , the t rue ones are probably smaller . For numer ica l 
ca lcula t ions let us assume a mater ial with the fo l lowing cons tan ts , in 
absolute un i t s : 3 l o - 1 1 ( co r responding to an ionizat ion 
potent ia l of 6 vo l t s ) , ]i - 1 0 1 0 , X - 7 x 1 0 - 8 
cm. T h e n if E is in absolute units , 

T h e current-voltag;e character is t ic of this mater ia l should now be cal-
culated. 

If t w o electrodes of 1 c m 2 . sur face are placed at a dis tance of 8 

cm., and the original concen t ra t ion of the ions is n, then, in case in-
ternal ionizat ion occurs, the f inal concen t ra t ion becomes, ( 4 ) fo r 
a a > 1 

0 ) 

a - 5 x 1 0 " 4 E 2 (2) 

iV a - ~ 12 - l j 11 l o g 2aa 
(3) 

and the ratio of conduct iv i t ies a for a field E and for small f ie lds : 



- 3 _15 
A s s u m i n g tfo — 2.5 x 10 ( abou t 3 x 10 m h o s per c m . ) w e h a v e 
for the cur ren t dens i ty at field E : 

1 - 3-5 ;„10"3 ' l«"-» (5) 

and, subs t i tu t ing Eq. 2, wi th a = 0 .05 cm., 

i » ^ ( 2 2 . 5 x l O " 5 E 2 - ! ) ( 6 ) 

Eva lua t ing Eq. 6 u p to 150 k V / c m . , Fig. 1 is obta ined . 

T h e l i te ra ture con ta ins qui te a n u m b e r of such cur ren t -vol tage 
characterist ics, s h o w i n g a similar behavior to F igure 1. W e quo te 
here as an example data of W . Scislowski on pa ra f f i n wax, (5)and those 
of S. W h i t e h e a d on cellulose aceta te and varnish paper board, (6)solids 
wi th f ini te plasticity. 

Tab le 1 con ta ins our f igures toge ther with those calculated f r o m 
curves g iven by the t w o au thors just q u o t e d ; it can be seen tha t ou r 
a s sumed data lie be tween those re fe r r ing to pa ra f f i n wax , a high g rade 
insulator , and paper board, a ra ther poor one . 

Tab le 1. 
C u r r e n t dens i ty dependen t on field s t reng th 

D a t a on v a r n i s h 
D a t a on p a r a f f i n w a x p a p e r boa rd a f t e r D a t a c a l c u a l t e d 

a f t e r Sc i s lowsk i S. W h i t e h e a d f r o m Eq. (6) . 

Kv/cm 1 0 - 1 2 Amp. Kv/cm 10~ 6 Amp. Kv/cm 1 0 - 9 Amp. 

25 0 . 0 0 0 5 6 0 3.3 35 0 .1 
5 0 0 . 0 0 3 5 120 7.5 70 0 .32 
75 0 .014 180 17. 105 0 .9 7 

100 0 .04 2 4 0 40. 140 2.8 

T h e essential f ea tu r e s of the behavior of the conduc t iv i ty are as 
fo l lows. Devia t ion f r o m O h m ' s Law genera l ly s tar ts be tween 2 0 and 
100 k V / c m . , according to the th ickness of the sample , the initial field 
s t rength increasing wi th decreasing thickness . Near the initial field 
s t r eng th ou r Eq. 4, in con junc t ion with Eq. 2, indicates tha t the con-
duct iv i ty fo l lows an equa t ion of the k i n d : 

ok = a c + P E 2 + n * 
4) N. S e m e n o f f a n d A. W a l t h e r : W e s t i g k e i t s l e h r e , Ber l in , 1928 page 150. 
5) W . Sc i s lowsk i : A c t a P h y s . Po lon ica . 4, 123, 1935. 
6) S. W h i t e h e a d : W o r l d Power , 26, 72, 1936. 
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in which 0 and * are cons tants , as f o u n d by L. Har t shorn for var-
nished cloth. I ? ) For h igher fields the increase of cu r ren t is of an 
exponen t i a l na tu re . For fields be tween 2 0 0 and 1000 k V / c m . (aga in 
increas ing wi th decreas ing th ickness ) the cur rent densi ty becomes 
the order of several m ic roampere s , and instabil i ty genera l ly fo l lows. 

W e n o w t u r n to the e f fec t on ionic conduc i tv i ty of the f r e q u e n c y 
of the impressed vol tage . Fo r a.c. vol tage» the conduc t iv i ty is sepa-
ra ted in to a real and imag ina ry term, the lat ter s t and ing for the dielec-
tric con t san t . T h e rat io of the t w o t e rms is then the loss angle, as 
usual ly measured . In the fo l lowing, ca lcula t ions of the loss angle will 
be carried out . 

T h e theory as out l ined above indicates tha t the ionic mobil i ty, 
control led by the viscosity for d.c., will be de te rmined by the viscosity, 
elasticity, and solid f r ic t ion together , w h e n the f r e q u e n c y increases. 
Above a cer ta in f r e q u e n c y range^ which is lower the larger t h e vis-
cosity, the resis tance will be de te rmined by the elasticity and solid 
f r ic t ion alone. For t e m p e r a t u r e s considerably below the s o f t e n i n g 
point the viscosity cons tan t of solids is so large that the f r e q u e n c y 
range just m e n t i o n e d will be below 1 cycle per second. Th i s m e a n s 
tha t f o r the whole practical f r e q u e n c y range the loss angle is only a 
f u n c t i o n of the elasticity and solid f r ic t ion. 

W e are f u r t h e r restr icted to f r equenc ie s be low say 1 0 5 cycles, as 
w e do not possess any data on the solid f r ic t ion coef f ic ien t s for h igher 
f requenc ies . In d r a w i n g compar i sons wi th exper imenta l data o n e has 
t o bear in mind tha t apar t f r o m ionic mo t ion there are o the r specif ic 
m e c h a n i s m s leading to dielectric losses. O u r f o r m u l a e will, t he re fo re , 
only supply a cer ta in f rac t ion of the total loss, which f rac t ion will be 
the higher, the less p r o n o u n c e d these specif ic m e c h a n i s m s are in a n y 
special case. T h e o ther m e c h a n i s m s just re fer red to are d u e to in-
homogene i t i e s of the mater ia l ( M a x w e l l - W a g n e r ) , and to dipolar 
molecules ( D e b y e ) . 

T h e f inal result of the cor responding deduc t ions is tha t fo r suf f i -
c ient ly low t e m p e r a t u r e s the loss angle, t an S , is: 

- s - f i r (?) 
where n = ionic concen t ra t ion , © = specif ic loss of solid f r ic t ion, 
and e = dielectric cons tan t . 

Let us eva lua te Equa t ion 7 for soda glass at d i f fe ren t f r equenc ies . 

T a k e X = ? x 1 0 - 8 , e - 5 , p - 2 . 5 x 1 0 1 1 . In glass, especially 

7) S. W h i t e h e a d : P r o c . P h y s . Soc. 47, 974, 1935. 
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soda glass, it is safe to a s s u m e that the order of m a g n i t u d e of n is the 
s ame as the order of m a g n i t u r e of the n u m b e r of molecules , nm , 
n a m e l y 1 0 2 2 . Th i s es t imate can be s t r eng thened s o m e w h a t in con-
nec t ing it with an es t imate of T)0 , the ionic viscosity. W e have for the 
d.c. conduc t iv i ty at small f ie lds the general f o r m u l a : 

w h e r e K is to a first app rox ima t ion independen t of the mater ia l chosen 
since the molecular radii which en te r S tokes ' equa t ion are a lways of 
the s ame order . K can be es t imated f r o m oils to be about 1 0 " abs. 
T h u s for glass wi th o 0 ~ 1 0 " 3 

J L ~ 109 

W i t h n — 1 0 2 2 , -n0 becomes 1 0 1 3 . The ex t rapo la ted value f r o m 
large scale m e a s u r e m e n t s is t o 1 5 for r [ 0 . In a recent paper on the 
slow changes in physical proper t ies of glasses E. Seddon (8) also c o m e s 
to the conclusion that tv> m u s t be high bu t f ini te . In a s suming lesser 
orders for n, Vo had to be decreased propor t ional ly which, howeve r , 
s e e m s unlikely, cons ider ing the ex t rapola ted value . T h u s the pair 
n - 1 0 2 2 , ~ 1 0 1 3 seems the most probable . 

It has a l ready been s ta ted tha t » is fair ly independen t of f re-
q u e n c y . Th i s independence also becomes evident by a recent pape r 
by Kruger and Rohloff on the in ternal f r ic t ion of wood 19) in a f re -
q u e n c y r ange of f r o m 10 to 1 0 4 cycles per second. Us ing then f o r 
glass the data a s obta ined by G e m a n t and J ackson , w e h a v e the cu rve 
A of F igure 2. Using, on the o ther hand , da ta obta ined by B e n n e w i t z 
and Rotger , ( 1 % slight var ia t ion wi th the f r e q u e n c y is not iceable 
( c u r v e B of Fig. 2 ) , with a f la t m a x i m u m of a round 0 .7 cycles. F igure 
2 C is obta ined f r o m data of Wege l and W a l t h e r on glass (U)a t a f re -
q u e n c y r ange 1 0 3 to l c P . It appears tha t there is a slight decrease 
of 0 , and, according to Eq. 7, of the loss angle w h e n the f r e q u e n c y 
increases. 

T h e s e conclus ions m a y be c o m p a r e d wi th the data by M. J . O . 
S t ru t t . (32)The loss angle of glasses f o r any given t e m p e r a t u r e varies 
bu t sl ightly wi th f r e q u e n c y according to his data , becoming genera l ly 
less wi th increas ing f r e q u e n c y . T h i s is the s ame result as seen on 

8) E . S e d d o n : J . Soc. G l a s s T e c h n o l . 22, 268, 193S. 
9) F K r u g e r a n d E . R o h l o f f : Zei ts , f. P h y s . 110, 58, 1938. 

10) K . B e n n e w i t z a. H. R o t g e r : Phys ik . , Zei t s . 37, 578, 1936. 
11) R L W e g e l a. H . W a l t h e r : P h y s i c s , 6, 141, 1935. 
12) M. J . 0 . S t r u t t : A r c h . f. E l e k t r o t e c h n i k , 25, 715, 1931. 

9. 



- 3 - 2 

Figure 2. T h e absolute value of tan 5 is be tween 10 and 10 f o r 
r o o m t empera tu re , s o m e w h a t higher than the va lues indicated in 
Figure 2. C u r v e D in Fig. 2 refers to one of his sets on a soda glass. 

Al though Eq. (7 ) is not valid for elevated t empera tu re s , a tem-
pera tu re curve of tan b for lead glass, based on solid f r ic t ion data of 
G e m a n t and Jackson , and on Eq. (7 ) is s h o w n in cu rve A of Fig. 3. 
Unti l the ionic viscosity, t ^ , is more def ini te ly k n o w n , the use of the 
more genera l equa t ions , as suppl ied by the theory , would o f f e r bu t 
little advan tage . C u r v e B is based on direct m e a s u r e m e n t s by S t ru t t 
of tan b of a lead glass. T h e increase with t empe ra tu r e of tan 8 is, 
as can be seen, of an exponent ia l na ture , the fac tor in the exponen t be-
ing usual ly smaller than the co r re spond ing fac tor for the d.c. con-
duct ivi ty , the a.c. and d.c. cu rves submerg ing asymptot ica l ly t owards 
higher t empera tu res . 

SUMMARY 

1. T h e paper is concerned with ionic mobil i ty in v i t reous dielec-
trics, which general ly exhibit a f ini te plasticity. T h e f u n d a m e n t a l idea 
is to deal with the d e f o r m a t i o n as caused by the mot ion of an ion in 
the s ame way as macroscopic d e f o r m a t i o n s of plastics are dealt wi th . 
Th i s latter can be described by m e a n s of three c o n s t a n t s of the m a 
teral, namely , pastici ty, elasticity, and solid f r ic t ion, and the s ame 
should hold for the molecular de fo rma t ion a round a m o v i n g ion. T h e 
equa t ions for the ionic mobil i ty, as deduced by the au tho r in ano the r 
paper , are g iven here for numer ica l compu ta t i on and compar i son wi th 
some exper imenta l da ta . 

2. In the case of d.c. the cur ren t -vo l tage character is t ic can be 
calculated. Th i s is done for a set of assumed cons t an t s of a plastic 
dielectric u p to a field of 150 k V / c m . T h e curve s h o w s the s ame fea-
tu res as m e a s u r e m e n t s on pa ra f f in by Scislowski, and on cellulose 
aceta te and varnish paper board by S. Whi t ehead . 

3. For an a.c. vol tage the dielectric loss angle can be calcula ted 
f r o m the theory . T h i s is done for soda glass, based on solid f r ic t ion 
da ta of G e m a n t and J ackson , Bennewi t z and Rotger , and Wegel and 
W a l t h e r in a f r e q u e n c y range be tween 1 0 ' 1 a n d 10 cycles per second. 
Another calculated cu rve s h o w s the loss angle of lead glass, in its de-
pendence u p o n t e m p e r a t u r e be tween 2 0 and 140 C. T h e resul ts are 
consis tent with exper imenta l da ta on th dielectric loss of glasses ob-
ta ined by S t ru t t . 
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Fig . 2 Dielectr ic loss angle vs. f r e q u e n c y at r o o m t e m p e r a t u r e 
f o r soda glass. 

A. B, C : Calcula ted a f t e r Eq . (7 ) 
A) G e m a n t a. J a c k s o n 
B) B e n n e w i t z a. Rotger 
C ) Wege l a. W a l t h e r . 

D : expe r imen ta l data of S t ru t t . 

F ig . 1 C u r r e n t dens i ty vs. field 
s t r eng th f o r a plastic dielectric, 
calculated a f t e r Eq . ( 6 ) . 

F ig . 3 Loss angle vs. t empera -
tu re at low f r equenc i e s for lead 
glass, 

A : calculated a f t e r Eq . ( 7 ) 
f r o m solid f r ic t ion data of 
G e m a n t a. J ackson , 

B: experimental d a t a o f 
St ru t t . 

20 SO 100 140 
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LOG F R E Q U E N C Y IN C P S 

11. 



A THERMODYNAMIC THEORY OF THE STRENGTH 
OF MATERIALS. 

by M. Reiner ( J e r u s a l e m ) and K. We i senbe rg ( S o u t h a m p t o n ) . 

1. T h e s t reng th of a mater ia l is that p roper ty by which it resists 
e i ther r up tu r e s or excessive plastic de fo rma t ion , which ul t imately leads 
to rup tu re . R u p t u r e is a visible separa t ion of the par t s of a mater ia l 
body. W h e n the body is s t rained (in the general sense of the word ) 
beyond its s t rength , it fails. T o p reven t fa i lure is a mos t impor t an t 
task of engineer ing , which m a k e s it impera t ive t o have a quan t i t a t ive 
m e a s u r e of the s t rength . Th i s is accomplished by m e a n s of a theory 
of strength. T h e fo l lowing theor ies of s t r eng th* have been proposed 
to d a t e : 

T h e mater ia l fails, when a cer ta in limit (which , of course, is of 
d i f fe ren t charac ter in each case) is exceeded b y : 
( a ) the grea tes t of the principal s tresses ( R a n k i n e ) , 
(b ) the greatest of the principal s t ra ins (St . V e n a n t ) , 
(c ) the m a x i m u m shear ing s t ress ( C o u l o m b - M o h r - G u e s t ) , 
( d ) the m a x i m u m s t ra in-work (Be l t r ami -Ha igh ) , 
( e ) the m a x i m u m dis tor t ional s t ra in-work ( H u b e r U ) - H e n c k y ( 2 ) ) * * 

T h e last case calls fo r f u r t h e r exp lana t ion . If the tensors of s train 
e , and of stress, •p*5®', are resolved into their isotropic compon-
en ts ev and p m , where e v is the cubical di latat ion and p m the m e a n 
tension, and their devia tor componen t s , Cq and p 0 , tlie e l emen ta ry 
s t r a inwork 
dW = £ . d e ( 1 ) 

can likewise be resolved into t w o componen t s , of which the f i rs t is 
the work of di latat ion or the vo lumet r ic work 

d t f v = Pm'd®ar (2 ) 

and the o ther the dis tor t ional work 

= P o ' < ^ o ( 3 ) 

Now, Huber and Hencky a s sume ( I ) tha t an isotropic (hydros ta t i c ) 
p ressure (-pm ) m a y be increased beyond every limit w i thou t caus-
ing fa i lure ,"and ( I I ) that an isotropic tens ion (pm ) is of no inf lu-

* W e a r e a p p l y i n g h e r e t h e phenomenological p o i n t of v i e w . W e d o n o t c o n s i d e r a t o m i s t i c 
t h e o r i e s of s t r e n g t h , w h i c h , a s is w e l l k n o w n , h a v e n o t y e t s u c c e e d e d in a p p r o a c h i n g 
r e a l c o n d i t i o n s in a n y d e g r e e . 
** T h e m a t h e m a t i c a l e x p r e s s i o n s f o r b o t h H u b e r a n d H e n c k y ' s t h e o r i e s a r e t h e s a m e , b u t 
w h i l e H u b e r is c o n c e r n e d w i t h r u p t u r e , H e n c k y is c o n c e r n e d w i t h p l a s t i c f l o w . 
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ence upon plastic f low but may cause fai lure by exceeding; the t rue 
molecular cohesion of the material . If the latter is not exceeded, the 
material may fail by W 0 exceeding a limit of m a x i m u m distortional 
work . 

Of the theories enumera ted above, Huber ' s and Hencky ' s theory 
has proved the most sat isfactory. For homogeneous or quasi-homogene-
ous non-porus materials their assumpt ion ( I ) has been established 
by exper iments beyond any doubt, while ( I I ) is a logical conse-
quence of the concept of cohesion. Thei r theory has been shown to 
be generally applicable t o such tests, as are carried out at the ordinary 
test ing speeds. 

2. All these theories have in common that the velocity of strain 
does not enter. They are purely statical. Recent improvements in 
the methods of test ing of materials and the f requen t use of high-speed 
tests as well as of creep tests have made it, however increasingly evi-
dent that the velocity of strain considerably inf luences the result of the 
test. It is therefore obvious that n o purely statical conception can lead 
to a sat isfactory theory of s trength. A theory taking account of the 
velocity is required both f r o m theoretical and practical considerat ions. 
E.g. Most Standard Specifications fo r mild steel asks f o r - a certain 
m i n i m u m breaking stress, t o be determined in a tensile test, wi thout , 
however , specifying the speed at which the test is to be carried out . 
It is well k n o w n that less conscientious makers of rolled steel, if their 
product is not up to s tandard at ordinary speeds, resort to the method 
of increasing the speed, with the result that a higher breaking stress is 
obtained. O n the ext reme end of a series of all sorts of materials, 
where the inf luence of testing-speed makes itself felt s tands e.g. arti-
ficial silk, where the concept of s t rength has a meaning at all only in 
respect of a m a x i m u m velocity of strain. 

Because of the sat isfactory evidence fo r the Huber-Hencky theory 
at low speeds, a good dynamical theory would have to contain Huber-
Hencky ' s statical theory as a special case. There is no necessity of 
modi fy ing their postulates (I) and ( I I ) . All volumetr ic strain is com-
pletely reversible and therefore purely elastic. In this case the relation 
between stress and strain is accordingly one-valued and the velocity 
of the strain cannot be of any influence. It is the devia tor -components 
of stress and strain only and the distortional work, with which we are 
concerned. W e will therefore simply write e, p and W for p 0 

and W 0 . 

3. The weak point of Huber ' s theory becomes evident, when 
we consider a metal bar in creep. If a mild steel bar is loaded at a 
certain, raised tempera ture , it will be cont inuously elongated at a 
constant speed. It seems that there is no other limit to this creeping 
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than the appea rance of he terogenet ies , when the section th ins d o w n to 
such a width that the cons t i tuen t s of the mate i ra l do not average any 
m o r e over the cross sect ion. The strain work pe r fo rmed by the load 
the re fore also increases con t inuous ly and practically wi thou t any 
limit. This would m e a n that such a mild steel bar is of inf ini te 
s t rength . This , however , is, by c o m m o n exper ience, not the case. 
Hencky has pic tured the m a x i m u m distor t ional work which can be 
applied u p o n ihe body, or the m a x i m u m dis tor t ional energy which can 
be " p o u r e d " into it, w i thou t caus ing failure, as the con ten t s of a 
vessel, which o v e r f l o w s at fai lure . Accordingly the H u b e r - H e n c k y 
theory would require the "vesse l " for such a mild steel bar to be of 
" in f in i t e c o n t e n t s . " 

Instead of a vessel of inf ini te contents , a " l eak ing vessel" would 
do the s ame trick of admi t t ing very large and in certain cases unl imited 
quan t i t i e s of s train work . Such a model has been proposed by one 
of us i 3 ) . In c reep the strain work is not s tored u p in the f o r m of 
potent ia l elastic energy , but is dissipated. T h e leakage of the vessel 
co r re sponds to the dissipat ion of energy. Rup tu re would still occur 
when the vessel over f lows , but this would not depend on the strain 
w o r k pe r fo rmed , but on the potent ia l ene rgy stored up, which in 
genera l is only a f rac t ion of the fo rmer . 

4. T h i s m a k e s it clear that a dynamica l theory of s t r eng th can 
only be a t h e r m o d y n a m i c a l theory. O n e of u s ( 4 ) developed a me-
chanics of de fo rmab le bodies f o u n d e d on the rmodynamics . Th i s will 
be used as the basis fo r a t h e r m o d y n a m i c a l theory of s t rength . Let 
W be the strain work , F the f ree intr insic* and energy and D the bound 
(d iss ipated) energy , all pe r unit vo lume, then the first law of the 
the rodynamics requi res 

A ( « ) + jL (1) + JL (D) = 0 ( 4 ) dt p dt p dt p v ' 
w h e r e p is the dens i ty . The dens i ty has to be in t roduced because the 
first law does not refer to unit volume, but to unit mass . 

Now let us consider isothermal processes only, i.e. the heat in to 
which the diss ippated energy is conver ted has to be conduc ted a w a y 
wi thou t delay. T h e n in accordance with the second law we have 

where the sign = s tands for reversible and the > sign for inreversible 
processes. 

F rom the fact tha t ~ ( £ ) vanishes for all reversible processes 

• T h e f r e e i n t r i n s i c e n e r g y is t he to ta l f r e e e n e r g y m i n u s the k ine t i c e n e r g y . 
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there fo l lows that intr insic f ree energy is equiva len t to a general ized 
elastic potent ia l 0 . 

If we consider the volumetr ic strain work separate ly and the 
quan t i t i e s in equa t ions (4 ) and ( 5 ) refer to the dis tor t ional w o r k 
only. P can be t aken as cons tan t and cancels out . 

Using N e w t o n ' s dot fo r d i f fe ren t ia t ion in respect of t ime w e ac-
cordingly wri te 

(6) 

w h e r e it is unders tood that D can only be either posi t ive or zero. 
The dis tor t ional work can be expressed in t e r m s of s t ress and 

velocity of s train as 

dW - - -p-e dt* ( 7 ) 

f r o m which we get fo r the dis tor t ional power 

W - - p - e ( 8 ) 

For pure ly mechanical processes ^ and D are f u n c t i o n s of stress and 
strain and their d i f ferent ia l quo t i en t s in respect of t ime only . Indica t -
ing b y l i a n d - v the order of the d i f ferent ia l quot ien t , whereV- and 
v can have any value o, 1, 2 
oo , we ul t imately wri te 

- P ' g + dt * = ° ( 9 ) 

Th i s equa t ion has been called the mechanical equa t ion of the s ta te 
of the mater ia l . 4. T h e f u n c t i o n s <> and D are of d i f fe ren t f o r m for 
every g r o u p of mater ia ls and the mater ia ls themselves can be distin-
guished by the var ious values of the cons t an t s which appear in the 
equa t ion of s ta te . T h e s e c o n s t a n t s are the mechanica l mater ia l con-
s tants . E.g. one g r o u p of mater ia ls is fo rmed by all per fec t ly elastic 
bodies, which fol low Hooke ' s law, the d i f fe ren t mater ia l s being dis-
t inguished by the value of the m o d u l u s of rigidity y . Ano the r g r o u p 
is fo rmed by all s imple viscous liquids, which obey N e w t o n ' s law, 
and the d i f fe ren t l iquids are dis t inguished by the value of the coeff i -
cient of v i s c o s i t y T). 

5. O n the basis of the deve lopmen t of the preceeding section 
we can say that failure depends upon a maximum value of the intrinsic 
f r e e energy , i.e. the energy t> which can elastically be stored up in the 
vo lume-e lement of the material . Fai lure will occur when 

*The n e g a t i v e sign is used b e c a u s e in E q u a t i o n (6 ) .W is t he p o w e r of t h e e x t e r n a l f o r c e s 
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T 

fop " J(W - D) dt > K (10) 

w h e r e K is mater ia l cons tan t , which m a y be called the s t reng th 
m o d u l u s . Equa t ion ( 1 0 ) m a y be called the r u p t u r e condi t ion. W h e r e 
there is no dissipation of ene rgy or w h e r e the dissipation of ene rgy 
is negligable, as in the case of a steel tensile test at o rd ina ry speed, 6 

ei ther vanishes or can be neglected and the condi t ion f o r r u p t u r e 
becomes T 

f ( l i ) 
o 

which is the condi t ion of Huber and Hencky ' s theory . In an irre-
versible process where D is in accordance with Equa t ion (5 ) posit ive, 
par t of the power of dis tor t ion leaks o.ut and a par t of it on ly can be 
s tored up. At cer ta in s ta tes of stress and strain, when W = D, the 
body can be s t rained at i n f i n i t u m wi thou t fa i lure . 

In order t o eva lua te equa t ion ( 1 0 ) for a special case, the fo l low-
ing h a v e to be k n o w n , viz. 
( I ) the mechanica l equa t io nof s tate of the mater ia l , 
( I I ) the mechanica l condi t ions of the test 

Ad (1 ) : this can genera l ly be expressed as a relation be tween the 
t ime-di f ferent ia l equa t ions of the stress and "strain, or 

V- v 
R ( p , e ) = 0 ( 1 2 ) * 

Ad ( I I ) : these consis ts of the dynamica l and kinemat ica l b o u n d -
dary condi t ions . 

F r o m (I) the f ree (potent ia l elastic) power 0 can be calculated 
and by m e a n s of (II) i) can be segregated up to b reak ing s t r eng th . 
6. T h e p resen t theory can f ind its ver if icat ion only by compar i son 
wi th actual tests. T h e d i f f icu l ty of us ing exis t ing tes t - resul ts lies in 
th is that the observa t ions of cases of r u p t u r e and is correla t ion wi th 
loading, s t ra in ing and velocity of s train of testpieces i.e. all k n o w l e d g e 
required u n d e r ( I I ) , is of little value if we do not, at the s ame t ime 
k n o w in accordance wi th the r e q u i r e m e n t (I) the mechanica l equa-
t ion of s tate of the mater ia l . This, however , has seldom, if ever, been 
comple te ly de te rmined in connec t ion wi th expe r imen t s on s t rength . 
In order t o check the present theory special expe r imen t s would there-
fo re have to be unde r t aken . Unti l this is done, the present theory can 
only be qualitatively checked f r o m k n o w n s t reng th tests . T h e t heo ry 
wou ld gain very m u c h in probili ty, if it could be s h o w n tha t an increase 
in breaking s t reng th wi th increas ing velocity of s t ra ining, as m e n -

* It s hou ld b e k e p t in mired t h a t th i s i s a t e n s o r - e qua t i on . 
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t ioned in Section 1, would fol low f r o m it. O n the other hand the 
theory could be discarded at once, if this was not the case. 

As we do not k n o w the actual equa t ions of state of the mater ia l s 
u n d e r test we have to m a k e assumpt ion about them. If we specialize 
Equa t ion ( 1 2 ) fo r cases where only the first d i f ferent ia l quo t i en t 
appears , i.e. if we assume the equat ion of state to be of the f o r m 

R(p, P . e , 6) » 0 (13) 

this would qual i ta t ively cover all condit ions. W e can g o a step f u r t h e r 
by a s suming R to be linear, or of the f o r m 

C + Cg> + c 3 p • C4e + C5e = 0 (14) 

If the actual equa t ion at state would show itself quant i ta t ive ly but not 
quant i ta t ive ly . 

Equat ion ( 1 4 ) can be considered as composed of two equa t ions 

A 1 * ^ + A 3 e + a4® " 0 0 5 ) 
and 

B 1 + B 2 P + B 3P + B 4 e - 0 ( 1 6 ) 

and accordingly the mater ial which has Equat ion ( 1 4 ) as its equa t ion 
of state, as composed of t w o materials , which have the equa t ions of 
s ta te ( 1 5 ) and ( 1 6 ) respectively. T h e first can be called an e-body 
and the second a p-body. 

W e can neglect A i , which can be interpreted as an initial stress 
and B l , which can be in terpre ted as an initial strain and equa t ions 
( 1 5 ) and ( 1 6 ) can be wri t ten as 

p - 2 7 s e - 2 Tie i - 0 ( 1 7 ) * 

2 ° " - W z " 0 ( 1 8 ) 

As can be easily seen, the first of these bodies is a solid, the second a 
liquid. T h e cons tan t Y is an elastic m o d u l u s and the cons tan t r\ a 
coeff ic ient of viscosity. T h e subscr ipts s and z are mean t to indicate 
the solid and the liquid state and T|s is accordingly the measure of the 
viscous resistance to the de format ion in a solid, while V z is the meas-
ure of the elasticity of a liquid. W h e r e r\B is absent , the first body is 

• T h e f a c t o r 2 r e s u l t s f r o m t h e u sua l d e f i n i t i o n of t he m a t e r i a l c o n s t a n t s Xand T) , o r , 
w h a t c o m e s t o t h e s a m e th ing , of s h e a r . 
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reduced to a Hookean solid, where * * is absent the second body is 
reduced to a Newton ian liquid. T h e ideal mater ia l represented by 
equa t ion ( 1 7 ) m a y be called a Voigt-solid ( 5 ) , the o ther represen ted 
by ( 1 8 ) m a y be called a Maxwell- l iquid ( 6 ) . Whi l e it is not ma in -
ta ined that any real mater ia l s could be per fec t ly represented by ei ther 
a Hooke or a Voigt-solid or by a Newton ian or a Maxwel l ian liquid, it 
m a y be a s sumed that the proper t ies of the ideal mater ia l s represented 
by the equa t ion of tsate ( 1 7 ) and ( 1 8 ) can be encoun te red at va ry ing 
degrees in the mechanica l behav ious of every real mater ia l . 

7. ( a ) In the Hooke-solid, the equa t ion of s ta te of which is 

P - sye ( 1 9 ) 

all the s t ra in-power of the ex te rna l fo rces is conver ted in to elastic 
potent ia l energy and n o n e is dissipated, o.r 

f - r i - • * £ ( 2 o ) 
which gives 

v 2 

D - 0 ( 2 1 ) 

(b ) In a N e w t o n i a n liquid the equa t ion of s tate of which is 

p » 2ti5 (22) 
all the s t ra in p o w e r of the external forces is dissipated, or 

( 2 3 ) 4> - 0 , D « p - e = 2Tie2 -
, ¿T] 

T h e f u n c t i o n D is called Rale igh 's dissipat ion f u n c t i o n . 
(c ) For the Voigt-solid equa t ion ( 1 7 ) g ives 

pA - ZyBee + 2 t i 8 5 ^ 4 ) 
and c o m p a r i n g Equa t ion ( 2 4 ) wi th Equa t ion ( 9 ) w e f ind 

^ - » . . i - x . ^ O - ^ . ¿ - « v * ( 2 5 ) 

(d ) For the Maxwell liquid Equa t ion ( 1 8 ) gives 

rta m ** •+• PP 
P S 2T]s 2 y z ( 2 6 ) 

and c o m p a r i n g Equa t ion ( 2 6 ) with Equa t ion ( 9 ) we f ind 
dt>/dt = p?/2 / z » 1/4 yz(d p / d t ) 

4) - P 2 / 4 * z , fi » P 2 / 2 T I , ( 2 7 ) 

Apply ing our r u p t u r e condi t ion Equa t ion ( 1 0 ) to these f o u r 
cases, w e f i n d : 

( a ) A solid, which is per fec t ly elastic u p to the yield point and is 
t he re fo re an ideal plastic mater ia l , or which is per fec t ly elastic u p to 
r u p t u r e and is t he re fo re an absolute ly brit t le mater ial , fails t h r o u g h 
plastic d e f o r m a t i o n in the first or t h rough r u p t u r e in the second once, 
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w h e n ei ther the stress or the strain reaches a cer ta in limit. For such 
mater ia l s our cri terion is t he re fo re reduced to Hencky ' s and H u b e r ' s 
criteria respect ively, and these in their tu rn reduced to R a n k i n e ' s and 
St. V e n a n t ' s criteria respectively, which give in this casé identical re-
sults, provided the dev ia to r - componen t s of the stress and strain-
tensors are taken and no t the comple te tensors. 

(b ) A s imple viscous liquid, which had no elasticity, can only 
be " b r o k e n u p " by hydros ta t ic tens ion. In l aminar f low, where the 
m e a n pressure is equa l to the hydros ta t ic pressure, a simple viscous 
liquid c a n n o t fail, because f o r such a mater ia l 4> vanishes and is there-
fore smaller than any limit which m a y be p u t to its s t rength . 

(c) A Voigt solid fails when the s t ra in reaches a cer ta in limit. 
T h e r e is no one-valued relat ion be tween stress and strain and no defi-
nite limit of stress co r responds t o the limit of s t ra in . Let e¡f be the 
s t ra in fai lure, then equat ion (17 ) shows that 

p f - zyBet • 2nse ( 2 8 ) 

and that the stress at which the mater ia l fails increases with the velocity 
of strain. Let p be the s t ress at which the mater ia l fails in a static test, 
i.e. wi th van i sh ing strain-veloci ty, then there is 

Pf - P + 2n B 6 ( 2 9 ) 

As r\3 can be de te rmined f r o m the d a m p i n g of f ree oscillations of 
the mater ia l unde r test, i.e. independent ly of the s t rength test, the de-
pendence of the s t reng th of the mater ia l f r o m the speed of de fo rma-
tion can be predicted in accordance with Equat ion ( 2 9 ) . It is not 
ma in ta ined that this dependence will in the case of say a mild steel 
bar, actually be a linear one. O n the cont ra ry , it m a y be expected that 
it will not be linear, because it is well k n o w n that equa t ion ( 1 7 ) does 
not correct ly describe the d a m p i n g of f ree oscillations of a metal wire. 
If h o w e v e r f r o m oscillation expe r imen t s the correct f o r m of the f u n c -
tional re la t ionship which had to replace Equat ion ( 1 7 ) is de te rmined , 
there is no d i f f icul ty in der iving the relat ionship, which had to replace 
Equa t ion ( 2 9 ) . Qual i ta t ive ly , however , it is s h o w n tha t our theory 
gives the result that the fai lure-stress of a n elastic mater ial , which 
shows damping of its free oscillations, increases with increasing vel-
oscity of strain. 

(d) A Maxwel l ian liquid, i.e. a viscous liquid which shows elas-
ticity, on the other hand fails when the s t ress reaches a cer ta in limit 
p f . T o this limit there does not cor respond a def in i te limit o,f the 
velocity of strain, Equa t ion ( 1 8 ) s h o w s tha t 
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Of - Pf/2T12 • p / 2 ) ' i ( 30 ) 

Let e be the velocity of strain at which the material fails if the stress 
is applied infinitely slow, then there is 

e f " e ^ W Z y i ( 3 1 ) 

The modulus of elasticity can be determined oscillation-experi-
men t s ( 7 ) , and the m a x i m u m velocity of strain at which fai lure occurs 
predicted in accordance with Equat ion ( 3 1 ) . This is applicable to 
failure of a metal or any other material in creep (e.g. concre te ) , which 
can be considered a very viscous and elastic liquid and of such material 
as artificial silk, etc., or all liquids, which are " sp innba r . " Here also 
Maxwell 's linear relation is too simple ( 8 ) ) and the correct equat ion 
of s tate had to be determined for every group of materials by experi-
men t . 
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